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Fingered growth in hannel geometry: A Loewner equation
approah.
T. Gubie and P. Szymzak
Faulty of Physis, Warsaw University, Ho»a 69, 02-681 Warsaw, Poland
A simple model of Laplaian growth is onsidered, in whih the growth takes plae
only at the tips of long, thin ngers. In a reent paper, Carleson and Makarov used
the deterministi Loewner equation to desribe the evolution of suh a system. We
extend their approah to a hannel geometry and show that the presene of the side
walls has a signiant inuene on the evolution of the ngers and the dynamis of
the sreening proess, in whih longer ngers suppress the growth of the shorter ones.
PACS numbers: 68.70.+w,05.65.+b,61.43.Hv,47.54.-r
I. INTRODUCTION
A variety of natural growth proesses, inluding eletrodeposition, visous ngering, so-
lidiation, dieletri breakdown or even growth of baterial olonies an be modeled in
terms of Laplaian growth. In this model a plane interfae between two phases moves with
veloity driven by a salar eld u(r, t) satisfying the Laplae equation
∇2u(r, t) = 0, (1)
with the boundary ondition u(r, t) = 0 at the phase interfae. The normal veloity of the
growing phase is proportional to the eld gradient at the interfae (or to some power (η) of
the gradient)
v ∼ |∇u(r, t)|η . (2)
The harmoni eld u an represent e.g. temperature, pressure, or onentration, depending
on the problem studied. An important property of Laplaian growth proesses is the Mullins-
Sekerka instability of the advaning interfae. The eld gradient over a small bump is larger
than that over the plane interfae, thus, for η > 0, the bump grows faster than adjaent
areas of the interfae and develops into a nger. Contrastingly, for η < 0, the bumps are
attened and the growth is stable.
2FIG. 1: Fingering in the ombustion experiments [3℄ and the theoretial model (right).
Initial phases of the evolution of a plane interfae are well understood in terms of linear
stability analysis, whih yields the wavelength of the most unstable perturbation [1, 2℄.
However, the later stages of the evolution are no longer linear and hard to takle analytially.
Here we onsider a simplied model of the developed nonlinear state. It is assumed that a
number of nger-like protrusions were already formed (as a result of the initial instability of
the front) and the further growth of those ngers is assumed to take plae only at their tips
(see Fig. 1), with veloities proportional to the eld gradient. This dynamis is deterministi:
one the initial geometry is given, the state of the system at any later time is uniquely
determined. Thus, suh a model an be used when, exept for the initial instability leading
to the nger formation, the role of a noise in the evolution of the system an be negleted.
Additionally, we neglet another noise-driven phenomenon: the tip-splitting eet when
single nger bifurates into two or more daughter branhes.
The above model of nger growth was formulated mathematially by Carleson and
Makarov [4℄ (see also Selander's thesis [5℄) and alled by them the geodesi Laplaian
path model. Independently, a similar idea was onsidered by Hastings in [6℄.
In several experimental and numerial studies the patterns relevant to the above-
introdued model have been observed. The examples inlude dendriti growth in some
of the eletrohemial deposition experiments [2, 7℄, hanneling in dissolving roks [8℄ , side-
branhes growth in rystallization [9, 10℄, or ber and mirotubule growth [11, 12℄. Among
the most beautiful experiments on the ngered growth are the ombustion studies by Zik
and Moses [3, 13℄. In those experiments (some of the results of whih are reprodued in
Figs. 1 and 2) a solid fuel is burnt in a Hele-Shaw ell, i.e. in the narrow gap between two
parallel plates. Near the ame extintion, as the ux of the oxygen supplied to the system is
3FIG. 2: Competition in the ngered growth in ombustion experiments [3℄. Initially equal sized
ngers (bottom) evolve towards state where every other nger stops growing (top).
FIG. 3: Competitive dynamis of the hannels in the dissolving rok frature. The gures present
the dissolution patterns at two dierent time points. Similarly to Fig. 2, longer hannels grow faster
and suppress the growth of the shorter ones [8℄.
being lowered, the initial instability of the ombustion front develops into the sparse ngers
(f. Fig. 1), whih appear to evolve in a regular or near-regular way.
Growth of the ngers demonstrates analogous instabilities as the plane front, sine the
gradients around the tips of the longer ngers are larger than those around shorter ngers.
This leads to so-alled shadowing eet - the longer ngers grow faster and suppress the
growth of the shorter ones in their neighborhood, whih in some ases gives rise to a sale-
invariant distribution of nger lengths in the long-time limit [8, 14, 15℄. Figs. 2 and 3
present examples of suh a ompetitive growth in the hanneling proesses in dissolving
4rok and in the ombustion experiments desribed above.
Most of the experiments on nonequilibrium growth mentioned above were performed in
a quasi-2d geometry. A onvenient way of solving the Laplae equation in two dimensions is
to use a onformal mapping whih transforms a domain under onsideration to some simpler
region where the solution may easily be found. A remarkable idea, due to Loewner [16℄, is to
trae the evolution of the mapping instead of the evolution of the boundary itself. It turns
out, namely, that the evolution of the map may be in many ases desribed by the rst order
ordinary dierential equation (Loewner equation), whih represents a onsiderable simpli-
ation in omparison to the partial dierential equation desribing boundary evolution.
Loewner evolutions are intensely studied in the theory of univalent funtions (for general
referenes see the monographs [17, 18℄ and for a reent physial introdution see [19, 20℄).
The subjet has reently attrated a lot of attention in the statistial physis ommunity in
ontext of Stohasti Loewner Evolution (SLE), whih has proved to be an important tool
in the study of two-dimensional ritial systems [21, 22, 23, 24℄.
The exat form of Loewner equation depends on the shape of the domain in whih the
growth takes plae. Usually, it is either the omplex half-plane (where the initial phase
boundary orresponds to the real axis) or radial geometry (where the initial boundary is the
unit irle in the omplex plane). However, many experiments on the unstable growth are
onduted in a hannel geometry, between two reeting walls. In this paper we show how
to extend the Carleson and Makarov model to suh a geometry. Using onformal mapping
formalism we derive Loewner equation for that ase, whih allows us to nd the dynamis
of the ngers and analyze the shadowing proess. As it turns out the inuene of the walls
is often ruial for the dynamis of the ngers.
II. THE MODEL
With this introdution, let us formulate the model of nger growth to be onsidered. The
growth takes plae at the tips of a nite number, n, of innitely thin ngers Γi(t) (disjoint
Jordan ars)
Γi(t) ⊂W, i = 1, . . . n, (3)
5where W is the domain in whih the growth takes plae and where the Laplae equation
needs to be solved. The ngers extend from the boundary ofW towards its interior in suh a
way that Γi(t) ⊂ Γi(t′) for t′ > t. Additionally, on both the phase interfae (along boundary
of W ) and along the ngers the ondition u(r, t) = 0 is imposed.
Sine the nger is assumed to be innitely thin, there is a singularity in a eld gradient
at its tip. Namely, at a small distane r from the tip of ith nger, the gradient takes the
form
∇u(r, t) = Ci(t)
2
√
r
(cos(θ/2)er + sin(θ/2)eθ) , (4)
where the oeients Ci(t) depend on lengths and shapes of all the ngers. In the above,
the origin of oordinates is loated at the tip of the nger and the polar axis is direted
along it. Following Derrida and Hakim [25℄, we introdue a small irle of radius r0 around
the tip and dene the nger growth rate as the integral of eld gradient over the irle
vi(t) =
∮
nˆ · ∇u(r, t) ds = 2√r0 Ci(t). (5)
Note that if the eld u(r, t) desribes the onentration, then the above integral orresponds
to the total partile ux through the irle. The parameter r0 should be of the order of the
nger width; its exat value does not inuene the dynamis as long as we assume it to be
the same for eah nger. In suh a ase, the fator 2
√
r0 may be absorbed into the denition
of time, and we take vi(t) equal to Ci(t) (or to Ci(t)
η
in η growth).
To solve the Laplae equation we onstrut a time dependent map gt:
gt :W\ (Γ1(t) ∪ . . . ∪ Γn(t))→W (6)
together with its inverse, ft:
ft :W→W\ (Γ1(t) ∪ . . . ∪ Γn(t)) , (7)
ft ◦ gt = gt ◦ ft = id , t ≥ 0, (8)
as illustrated in Fig. 4. The funtion ft an be extended to a ontinuous funtion of the
boundary, whih is two-to-one along the ngers, exept of the tips where it is one-to-one.
Thus the tips of the ngers (denoted by γi(t)) may be added to the domain of the funtion
gt with the orresponding images, ai(t):
ai = gt(γi). (9)
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FIG. 4: An example onguration of three ngers (Γ1,Γ2,Γ3) extending from the real axis in the
physial plane (z-plane). The mapping gt maps the exterior of the ngers onto the empty half-plane
(ω-plane). The images of the tips γi are loated on the real line at the points x = ai. The gradient
lines of the Laplaian eld (dot-dashed) in the z-plane are mapped onto the vertial lines in the ω
plane. In a given moment of time, the ngers grow along the gradient lines the images of whih
pass through the points ai.
It may be shown (see Appendix A and also Refs. [4, 5, 25℄) that the growth rate of a
nger (5) an be expressed in terms of the map ft as
vi(t) ∼ |f ′′t (ai(t))|−η/2 . (10)
As mentioned in the Introdution, the above model of nger growth was proposed in
Refs. [4, 5℄ and independently in [6℄. This model may be also looked upon as a deter-
ministi generalization of Meakin and Rossi [26, 27℄ needle growth model  a simplied,
non-branhing version of Witten and Sander's diusion-limited aggregation (DLA) [28℄. In
Meakin and Rossi model the growth is allowed to our only in the diretion away from the
substrate, whih results in a forest of parallel needles with a broad distribution of heights.
Cates [29℄ obtained average density of the aggregate in suh a system in mean eld approx-
imation whereas Evertsz [30℄ alulated fratal dimensions of needle strutures for dierent
values of the exponent η.
Yet another modiation of DLA was studied in so-alled polymer-growth model [31,
32, 33℄ where, as before, the partiles were allowed to attah to the tip of the growing hain
only, but the ondition that the growth must our in the diretion away from the substrate
was relaxed. This time, the proess resulted in a set of ber-like hains of dierent lengths
and shapes.
7The above desribed, DLA-based models are stohasti in nature. On the other hand, the
deterministi versions of the Meakin and Rossi needle growth model were studied by several
authors [14, 15, 25, 34, 35, 36, 37, 38, 39℄, mostly by onformal mapping tehniques, whih
were rst applied to DLA-like aggregates by Shraiman and Bensimon [40℄, Ball [41℄, and
Szep and Lugosi [42℄. The majority of authors onsidered the problem in a radial geometry,
with a set of straight needles growing radially from the origin, whereas in [14, 15, 38℄ a set
of parallel needles with alternating lengths was analyzed in periodi boundary onditions.
An important dierene between the above quoted needle models and the model onsidered
here is that we do not onstrain the ngers to follow the straight line, instead they an
bend in the diretion of the eld gradient at the tip. Thus, whereas the needle models
are well-suited to desribe a strongly anisotropi growth of rigid strutures suh as the
sidebranhing dendrites in solidiation, they are less suited to desribe the phenomena in
whih the growing strutures may beome deeted by the eld, as it is the ase in the
above-desribed ombustion experiments, hannel formation in the dissolving rok or in a
number of bril-growth proesses.
In the next setion, we sketh the derivation of the Loewner equation for the ngered
growth in the half-plane. In the ontext of the Carleson-Makarov model, this problem was
analyzed by Selander in [5℄. We repeat this derivation here, beause it is the simplest ase
whih illustrates the method involved, whih will be then used to takle the hannel geometry
ase.
III. FINGERED GROWTH IN THE HALF-PLANE
In this setion, following [5℄, we present the desription of the ngered growth in the
omplex half-plane in terms of the onformal mappings. The solution of the Laplae equation
in the empty half-plane, satisfying the boundary onditions: u(r) = 0 on the real axis and
∂u
∂y
−→
y→∞
1 ( onstant ux at innity), is given simply by
u(x, y) = y. (11)
The map gt from the exterior of the ngers to the empty half-plane will be uniquely deter-
mined by the so-alled hydrodynami normalization at innity
lim
z→∞
gt(z)− z = 0, (12)
8whih ensures that the ux at innity is unaeted by boundary movements. One of the
possible ways of nding the map gt is to onstrut it as a omposition of slit mappings, with
the slit length going to 0. In the ase of the upper half-plane C+ = {z ∈ C : Re(z) > 0}.
the slit mapping
φ : C+\ (a + i [0, h])→ C+, h > 0 (13)
is of the form
φ(z) =
√
(z − a)2 + h2 + a. (14)
In Eq. (14) the square root is speied by demanding that φ(z) → z at innity, thus the
dierene (φ(x)− a) is negative on the real axis for x < a and positive for x > a. As stated
above, there is a branh ut along (a+ i [0, h]); the left and right side of this segment are
mapped on the interval [−h, 0] and [0, h] respetively.
In the simplest ase of the single nger (n = 1) the idea of the onstrution of the mapping
by the omposition of suessive slit maps is shown in Figure 5. The map gt maps the ar
tg
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FIG. 5: Illustration of the omposition of onformal maps desribed in the text. The mapping gt+τ
is obtained as the omposition of gt and the elementary slit mapping (14).
Γ(t) into the real axis R, while gt+τ maps the longer ar Γ(t+ τ) into R. The image of the
tip, a, is also in general time-dependent, a = a(t). For small τ , the mapping gt+τ may be
obtained by the omposition
gt+τ = φ ◦ gt +O(τ 2), (15)
where φ(z) is the above dened slit mapping (14). Sine the growth rate of the nger is not
onstant, the slit length, h, will be a funtion of time. It is onvenient to hoose h in the
9form
h =
√
2τd(t), (16)
where d(t) is the so-alled growth fator [5℄. The square root dependene of the slit length
on the timestep ensures that the inrement of length of the nger will be linear in τ . The
slit mapping φ(z) is thus given by
φ(z) =
√
(z − a(t))2 + 2τd(t) + a(t). (17)
In the omposition (15) only the terms linear in τ are needed, hene
gt+τ = φ ◦ gt = gt + τd(t)
gt − a(t) +O(τ
2), (18)
gt+τ − gt
τ
=
d(t)
gt − a(t) +O(τ). (19)
In the limit τ → 0 we obtain the Loewner equation for one nger in the half-plane
g˙t =
d(t)
gt − a(t) , (20)
with the initial ondition
g0(z) = z (21)
orresponding to the empty spae with no ngers. Note that the pole of the equation (20)
is loated at the image of the tip, a(t) = gt(γ). To relate the growth fator d(t) to the nger
veloity let us notie that for a nite τ , the omposition φ ◦ gt inreases the length of the
nger approximately by τd(t) |f ′′t (a(t))|, thus the growth veloity is given by
v(t) = d(t) |f ′′t (a(t))| . (22)
Hene, using (10) we get
d(t) = |f ′′t (a(t))|−η/2−1 . (23)
The nal element of our desription is the position of the pole a as a funtion of time. This
funtion may be found from the ondition that the nger grows along the diretion of the
gradient near the tip. Due to the singularity at the tip, it is more onvenient to work in the
ω-plane. Namely, the gradient lines in the physial plane (z-plane) are mapped by gt onto
the vertial lines in the ω-plane, as illustrated in Fig. 4. The ounterimage of the verital
10
line ω = a + is, s > 0 will thus dene the growth diretion in the z plane. In the ase of
a single nger, from symmetry, the gradient line in the z plane is also a vertial line  the
one passing through the tip of the nger. Thus in this ase the position of the pole must be
onstant
a(t) = const. = a(0). (24)
The Loewner equation an be generalized to the n-nger ase by analyzing the omposi-
tion of n slit mappings, φi, one for eah nger. Analogously to (17), the slit mappings are
then given by
φi(z) =
√
(z − ai(t))2 + 2τdi(t) + ai(t), (25)
where ai(t) and di(t) are the image of the tip and the growth fator of the ith nger,
respetively. This leads to the Loewner equation of the form [4, 5℄
g˙t =
n∑
i=1
di(t)
gt − ai(t) . (26)
This time, however, to fore the ngers to grow along gradient lines, the funtions ai(t) need
to hange in time, sine the tip images ai = g(γi) are moved by slit mappings φj with j 6= i.
This leads to the following ondition for the motion of the poles
a˙i(t) =
n∑
j=1
j 6=i
dj(t)
ai(t)− aj(t) . (27)
Let us note at that point that the above idea of generating the growing aggregate by
iterated onformal maps was applied also to the original DLA problem in a seminal paper
by Hastings and Levitov [43℄. In fat, the strike-mapping proposed by them in [43℄ is a
ounterpart of the slit mapping (14) in the radial geometry. Analogous onstrutions for
the DLA in a hannel and ylindrial geometry were proposed in Refs. [44, 45℄. However,
unlike the model onsidered here, those models were stohasti in nature, and - as usual
in DLA - generated noise-driven, branhed, fratal strutures. A deterministi version of
Hastings and Levitov onstrution was proposed by Hastings in [6℄. Although he did not use
the formalism of the Loewner equation, his model is essentially analogous to that presented
above.
Going bak to the system of equations (26-27), let us now look at the solutions in a
few simplest ases. As mentioned, the single nger ase is rather straightforward: the
11
nger grows vertially along the line x = a. A more interesting ase is that of two ngers.
Here the results depend in a signiant way on the value of the exponent η used. A related
problem in a slightly dierent geometry (growth inW ≡ C\R+) was onsidered by Carleson
and Makarov in [4℄. Although their results are not diretly appliable here, it is relatively
straightforward to repeat their derivations for the growth in the half-plane. Namely, it turns
out that there are three regimes in the behavior of the ngers, depending on the value of
the exponent η. For −∞ < η < ηc ≈ 0.43, the two ngers, irrespetively of their initial
positions, grow symmetrially, as illustrated in Fig. 6. Next, for ηc < η < η
′
c = 2/3, the
symmetri solution beomes unstable; one of the ngers starts to grow faster and sreens
the other. However, the sreening is only partial and the ratio of nger veloities v1/v2 goes
to a positive onstant (dierent from 1) when t→∞. Finally, for η > η′c there is a stronger
sreening and the ratio of the veloity of the slower nger to that of the faster one goes to
zero asymptotially.
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FIG. 6: Two ngers growing in the half-plane for η = −2 (left panel) and η = 4 (right panel). The
initial positions of the ngers are a1(0) = −a2(0) = 0.1.
The shape of the ngers in the rst regime may be obtained analytially. To this end, it
is most onvenient to onsider the ase of η = −2 whih, aording to Eq. (23) orresponds
to the evolution with onstant growth fators, di = d. For further analysis, we hoose the
oordinates in suh a way that a1(0) = −a2(0) = a0. Eq. (27) may be then readily integrated
to yield
a1,2(t) = ±
√
a20 + d0t. (28)
12
Inserting the above into the Loewner equation (26), we an nd gt and then obtain the
positions of the tips γi(t) as a funtion of time. They are given impliitly by
± 16(a20 + d0t)5/2 = γ1,2(t)(γ1,2(t)2 − 5a20)2, (29)
where we take only the roots whih lie in the upper half-plane and satisfty the initial on-
dition γi(0) = ai(0). An example trajetory with a0 = 0.1 is shown in Fig. 6. We see that
the ngers repel eah other, whih is due to the term 1/(aj − ai) in the evolution equation
of the poles (27). Asymptotially, as t→∞, the relation (29) takes the form
± 16(d0t)5/2 = (γi(t))5, (30)
from whih it may be onluded that the ngers tend to the straight lines arg(z) = 2π
5
and
arg(z) = 3π
5
with the angle π/5 between them. Although the above result was obtained for
η = −2 ase, as mentioned above, suh a symmetri solution remains stable up to ηc. Thus, in
this range of η the ngers follow the same trajetories as in Fig. 6, but with dierent veloities
than those in d = const. ase. In fat, whenever the ngers grow symmetrially, with
equal growth fators, d1(t) = d2(t), one may always resale the time oordinate by dening
t′ =
∫ t
0
d1(t
′′)dt′′ and thus redue the problem to the onstant growth fator (d1 = d2 = 1)
ase.
The right panel of Fig. 6 shows the shape of the nger in the strongly unstable ase,
η = 4. In this ase the solution was obtained numerially, as desribed in Appendix B. As
it is observed, initially the tips follow the same trajetory as in the stable ase, but then
due to the numerial noise in the omputations, the instability sets in, one of the ngers
outgrows the other and then ontinues along the vertial diretion. The other nger slows
down and the ratio of its veloity to that of the winning nger goes to zero.
The fat that there is a range of positive values of η for whih the symmetri solution is
stable seems surprising at rst sight. However, in the unbounded domain the ngers have
the possibility to esape from eah other to the regions where the inuene of another nger
is smaller. Suh a behavior of the ngers may be hardly observed in a bounded system,
beause of the wall eet whih makes it impossible for the ngers to esape from eah
other. In the next setion, we show how to take into aount the presene of the side walls
in the system and how their presene aets the dynamis of the ngers.
13
0u  
ˆ 0u   n
/ 1u yw w  
ˆ 0u   n
FIG. 7: The geometry of the hannel together with the boundary onditions
IV. FINGERED GROWTH IN THE CHANNEL GEOMETRY
In this setion we onsider the growth of the ngers in the hannel geometry, i.e. in the
domain
P = {z = x+ iy ∈ C : y > 0, x ∈ ]− 1, 1[ } , (31)
with the boundary onditions u = 0 at a bottomwall [−1, 1] and along the ngers, and ∂u
∂x
= 0
on the sides (whih orresponds to reeting boundary onditions at the impenetrable side
walls) and
∂u
∂y
= 1 at innity (see Fig. 7). For an empty hannel with the above boundary
onditions, the solution of Laplae equation is again given by
u(x, y) = y. (32)
in full analogy to the half-plane ase (11).
Our goal is to onstrut the mapping gt
gt : P\ (Γ1(t) ∪ . . . ∪ Γn(t))→ P (33)
together with its inverse ft. The boundary ondition at the bottom wall is dierent from
that at the sides, thus the points −1 and 1 must remain xed under the mapping ft, or, in
terms of gt
lim
z→−1
gt(z) + 1 = lim
z→1
gt(z)− 1 = 0. (34)
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Additionally, we require that gt keeps the point at innity xed, i.e.
Im (gt(z))→∞ for Im(z)→∞ (35)
Those onditions dene the onformal map gt uniquely.
First let us onsider the ase of the single nger. The derivation of Loewner equation
in this ase will be analogous to that presented above for the half-plane. However, the slit
mapping is now dierent. The idea of onstrution of the mapping is shown in Fig. 8. As
before, we begin with a short slit of length h =
√
2τd. The rst funtion `1' transforms P
A CB D E
B
C
D
A E
D
sin z
arcsin z
A
C
E
A B EC D
A B EC
2 2
( )z a h a  
bz c
1
4
2
3
I
B D 
FIG. 8: Shemati piture of the mappings used in onstrution of elementary slit mapping φ in
the hannel geometry
into the half-plane keeping points A = −1, E = 1 xed and is given by sin (π
2
z
)
. When the
slit length is small, h << 1, its length after the transformation `1' an be alulated from
the Taylor expansion up to linear terms in τ
sin
(π
2
(a + i
√
2τd)
)
≈
(
1 +
π2
4
τd
)
sin
(π
2
a
)
+
iπ
2
√
2τd cos
(π
2
a
)
+ . . . . (36)
Denoting the new length of the slit by
√
2τd′ we get
d′ = d
π2
4
cos2
(π
2
a
)
+O(τ 2). (37)
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Funtion `2' is the slit mapping in the half-plane given by (14). The omposition of `1' and
`2' reads then
ϕ(z) =
√(
sin
(π
2
z
)
− β sin
(π
2
a
))2
+ 2τd′, (38)
where β =
(
1 + π
2
4
τd
)
. The above slit mapping moves the points A and E. To shift them
bak to -1 and 1, we use additional map, `3', whih is a linear funtion with real parameters.
The map `4' is just the inverse of `1' , i.e.
2
π
arcsin(z). The nal form of φ is thus given by
φ(z) =
2
π
arcsin
[
2ϕ(z)− (ϕ(1) + ϕ(−1))
ϕ(1)− ϕ(−1)
]
. (39)
Keeping only the terms linear in τ
φ(z) = z + τd
π
2
cos
(
π
2
z
)
sin
(
π
2
z
) − sin (π
2
a
) +O(τ 2), (40)
we obtain Loewner equation of the form
g˙t = d(t)
π
2
cos
(
π
2
gt
)
sin
(
π
2
gt
)− sin (π
2
a(t)
) . (41)
Note that due to the presene of the side walls the slit mapping is no longer symmetri, in
the sense that the images of the points B and D at the base of the nger are asymmetri
with respet to the image of C (f. Fig. 8). This means that, in ontrast to the half-plane
ase, the pole a = g(γ) will be shifted by the mapping. This shift may be obtained from the
Loewner equation in the limit g(z) → a. However, the equation is singular at that point,
thus we take the symmetri limit from both sides towards a singularity:
a˙(t) = lim
ǫ→0
W (a− ǫ) +W (a+ ǫ)
2
, (42)
where W (g) = dπ
2
cos(π
2
g)/
(
sin(π
2
g)− sin(π
2
a)
)
. Expliit evaluation of the limit yields
a˙(t) = −π
4
d(t) tan
(π
2
a(t)
)
. (43)
The equation for the n−nger ase may be obtained, as before, by the omposition of n slit
mappings, one for eah nger, whih leads to
g˙t =
π
2
n∑
i=1
di
cos
(
π
2
gt
)
sin
(
π
2
gt
)− sin (π
2
ai
) . (44)
16
Finally, to derive the ondition for the motion of the poles in the n−nger ase, we
need to add self terms of the form (43) and the interation terms, whih may be obtained
from (44) by taking gt = aj with i 6= j. This leads to
a˙j = −π
4
dj tan
(π
2
aj
)
+
π
2
n∑
i=1
i 6=j
di
cos
(
π
2
aj
)
sin
(
π
2
aj
)− sin (π
2
ai
) . (45)
The presene of the self term, (43), attrats the pole to a = 0, whih is a stable xed point
of Eq. (43) and auses the nger to bend in the diretion of the enterline of the hannel.
It is most learly seen in the single nger ase. For the onstant growth fator, d(t) = d0
(whih orresponds to η = −2) equation (43) may be solved expliitly to yield
sin
(π
2
at
)
= e−
pi2d0
8
t sin
(π
2
a0
)
. (46)
Thus, sin(π
2
at) goes to zero exponentially. A orresponding trajetory of the nger may be
expressed impliitly through ellipti integrals and is shown in Fig. 9. As it is observed, the
nger starts at z = a(0), initially grows perpendiularly to the bottom wall, but very soon
the inuene of the walls beomes important and the nger is attrated to the symmetri
position in the enter of the hannel. As explained previously, for other values of η the shape
of the nger is the same as that presented above, only its veloity hanges. Naturally, if
-1 -0.5 0 0.5 1
0
2
4
6
x
y
FIG. 9: The growth of the single nger in the hannel with a(0) = −0.5
the initial position of the nger is already in the middle of the hannel, a(0) = 0, it would
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simply ontinue growing along the enterline. In that ase the map ft is given by
ft(z) =
2
π
arcsin
(√
sin2
(π
2
z
)
cosh2
(π
2
H(t)
)
− sinh2
(π
2
H(t)
))
, (47)
where H(t) is the height of the nger at a given moment of time. In partiular,
|f ′′t (0)| =
π
2
coth
(π
2
H(t)
)
, (48)
whih gives the veloity of the tip as
v(H) =
(π
2
coth
(π
2
H
))−η/2
. (49)
The asymptoti veloity of the nger is thus
vas = lim
H→∞
v(H) =
(π
2
)−η/2
, (50)
and the asymptoti growth fator is (f. Eq. (23))
das =
(π
2
)−η/2−1
. (51)
It is instrutive to ompare this result with that for a single nger growing in the half plane.
In the latter ase
ft(z) =
√
z2 −H2(t),
and the veloity obeys
v(H) = Hη/2, (52)
hene, for η > 0, it is growing indenitely as the nger inreases its height. This is to
be expeted sine in the unbounded ase, as the nger is getting further away from the
absorbing wall, it interepts an inreasingly larger ux. Contrastingly, in the ase of the
hannel, the total ux through its ross-setion is nite, and the growth rate of the nger
stabilizes as soon as its height beomes large in omparison to the hannel width. Note that
the result (52) for the half-plane may also be reovered by expanding the formula (49) in
H ≪ 1, sine π
2
coth
(
π
2
H
)
= H + . . . . Thus, at the beginning of the evolution, the nger
behaves as if it were in an unbounded domain; soon, however, the presene of the side walls
beomes a determining fator in its dynamis.
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V. FROM THE CHANNEL TO THE CYLINDER
The above formalism may also be used to nd the evolution of the ngers in a hannel
with periodi boundary onditions:
u(x+ 2, y) = u(x, y), (53)
topologially equivalent to the surfae of a semi-innite ylinder. Namely, onsider a sin-
gle nger growing in the periodi hannel with the initial position of the pole a(0) = a0.
Translating the origin of the oordinate system to a0 we obtain a single nger growing ver-
tially in the middle of the hannel on the side walls of whih both periodi and reeting
boundary onditions are satised simultaneously. The growth of this nger is desribed by
the Loewner equation (41) with a = 0. Transforming bak to the original oordinates one
obtains
g˙t = d
π
2
cot
(π
2
(gt − a)
)
, (54)
whih is the Loewner equation for a single nger growth in the ylinder. This equation has
already been derived [4, 20℄ in the ontext of growth proesses in radial geometry (whih may
be then mapped onto ylindrial by the map of the form z → log z). However, yet another,
and perhaps easier, derivation of (54) may be given, starting form the Loewner equation for
the half-plane (20) and summing over the periodi images of the pole: aj = a + 2j, j ∈ Z.
This gives
g˙t =
∞∑
j=−∞
d
gt − (a+ 2j) = d
π
2
cot
(π
2
(gt − a)
)
. (55)
The generalization of the Loewner equation to the n−nger ase proeeds along the same
lines as before and yields
g˙t =
∑
i
di
π
2
cot
(π
2
(gt − ai)
)
, (56)
whereas the equation of motion of the poles reads
a˙j =
∑
i
di
π
2
cot
(π
2
(aj − ai)
)
. (57)
This time the self term (43) is absent sine the situation is again symmetri and the single-
nger slit mapping does not aet the position of the orresponding pole.
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FIG. 10: The hannel A and its mirror reetion A′.
VI. FROM THE CYLINDER TO THE CHANNEL
In the previous setion we derived the dynamis of the ngers in the ylinder based on the
Loewner equation for the hannel. Here we will go in the opposite diretion and derive the
Loewner equation for the hannel starting with Eq. (54). As it turns out, suh an approah
provides us with the lear interpretation of the self term (43).
To start with, onsider n ngers growing in a hannel with reeting boundaries (desig-
nated by A in Fig. 10). Next, let us reet the system with respet to one of its side walls
and denote the image by A′. Thus, there are now 2n ngers: the original ones {1, . . . , n} in
A and their images {n + 1, . . . , 2n} in A′. Due to the reetion symmetry
ai = −an+i, di = dn+i, i ∈ {1 . . . n}, (58)
with oordinates hosen so that x = 0 orresponds to the joint wall of the two hannels, as
in Fig. 10. Finally, we look for the solution of the Laplae equation in the joint system (AA')
in periodi boundary onditions. Due to the symmetry of the problem, suh a solution will
automatially satisfy the reeting boundary onditions in A.
To be more formal, the Loewner equation in the AA′ hannel will be given by
g˙t =
π
4
2n∑
i=1
di cot
(π
4
(gt − ai)
)
, (59)
whih is equivalent to (56) additionally resaled by a fator of 2 to aount for the fat that
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the width of AA′ is twie the width of A. Taking into aount (58), we get
g˙t =
π
4
n∑
i=1
di
[
cot
(π
4
(gt − ai)
)
+ cot
(π
4
(gt + ai)
)]
, (60)
whih, by straightforward trigonometry, leads to
g˙t = −
n∑
i=1
di
π
2
sin
(
π
2
gt
)
cos
(
π
2
gt
)− cos (π
2
ai
) . (61)
Finally, we move the origin of oordinates to the enter of A by
z′ = z + 1, (62)
whih leads us to the Loewner equation for the hannel (44).
The equation of motion of the poles may be transformed along the similar lines:
a˙j =
π
4
cot
(π
4
(aj − an+j)
)
+
2n∑
i=1
i 6=j,n+j
π
4
cot
(π
4
(aj − ai)
)
. (63)
The rst term desribes the interation between the pole aj and its image an+j and, us-
ing (58) and (62), may be transformed to −π
4
dj tan
(
π
2
aj
)
, whih is exatly the self term (43)
derived before. The terms in the remaining sum, using (58), may be written in the form
cos(π
2
aj)/(sin(
π
2
aj)− sin(π2ai)), in agreement with (45).
The above derivation shows, in partiular, that the stable, symmetri solution of two-
nger growth in the ylinder may be redued to the previously onsidered problem of a
single nger growth in the hannel. Indeed, Fig. 11 shows two-nger solution in the ylinder
the initial onditions a1,2(0) = ±0.25 (if the ngers are initially not symmetri with respet
to zero they an be rendered so by an appropriate hange of variables). It is observed that
the right-hand side nger has the same shape as that in Fig. 9, whereas the left-hand side
one is its mirror reetion.
Fig. 11 illustrates an important property of stable solutions of n ngers growing in the
ylinder. Namely, irrespetively of initial positions, the ngers end up in the symmetri
onguration, with equal distanes between eah other. This is a diret onsequene of the
repulsion between the poles, as desribed by Eq. (57). Indeed, it is seen that the uniform
arrangement of the poles onstitutes a xed point of (57).
Beause of the relation between the geometry of a reeting hannel and that of a ylinder,
the above statement may also serve to prove that, in the stable ase, both the ngers and
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FIG. 11: Two ngers growing in the ylinder with a1,2(0) = ±0.25 and η = −2 (stable symmetri
solution).
the poles in the hannel end up at the positions xi = (2i− 1)/n− 1 where n is the number
of ngers and i = 1, . . . , n.
VII. THE COMPETITION BETWEEN FINGERS
In this setion we look more losely at the instabilities in the growth of two ngers both
in the hannel and in the ylinder, paying partiular attention to the sreening proess and
ompetition between the ngers. The results presented in this setion, unlike those presented
in Figs. 9 and 11, are obtained by numerial alulation (as desribed in Appendix B).
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FIG. 12: The saling of a Laplaian eld u in retangular and wedge-like fjords.
As mentioned in Se. III, in the ase where ngers grow in the half-plane, there exists a
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ritial value of the exponent (ηc) below whih the symmetri solution is stable nad another
threshold value, η′c, suh that for ηc < η < η
′
c, there exists an asymmetri solution of the
growth of two ngers with the veloity ratio of the slower nger to that of the faster one,
v1
v2
, asymptotially approahing the value dierent both from 0 and 1. Here we argue that
for the hannel, either reeting or periodi, ηc = η
′
c = 0, i.e. the growth is unstable for any
positive η, with v1
v2
→ 0. Suh a fundamental dierene between the two systems is onneted
with the geometries involved [46℄. Consider the late stages of the sreening proess, with a
shorter nger (of length l1) situated in a deep fjord between two longer ngers (or a longer
nger and its periodi image) of length l2. The value of the Laplaian eld u near the tip of
the short nger then obeys
u ∼ e−π(l2−l1)/a, l2 ≫ l1, (64)
where a is the width of the fjord. As mentioned, in the half-plane ase the ngers asymp-
totially tend to straight lines growing radially from the origin, thus in that ase the fjords
will have a wedge-like shape (f. Fig. 12). For suh a fjord with an internal angle θ one nds
u ∼
(
l2
l1
)−π/θ
, l2 ≫ l1. (65)
Thus the sreening in the hannel geometry is exponential, whereas in the half-plane it
follows a power-law. Consequently, in the latter ase, we an hoose the values of η and θ
in suh a way that would guarantee that the ratio of the veloities of the ngers is equal to
their length ratio
l1
l2
=
v1
v2
, (66)
whih orresponds to the (asymmetri) solution of the ngers dynamis whih is stationary
in the sense that the ratio l1/l2 remains onstant.
Contrastingly, for the exponential sreening, irrespetively of the values of a and η (as
long as it is positive) the veloity of the shorter nger always dereases to zero, thus also
l1/l2 → 0: the sreening is omplete.
Fig. 13 presents an example of suh a situation. Here, two ngers are evolving in the
hannel with either reeting or periodi walls at η = 1. At the beginning, the ngers
repel eah other and behave very similarly to the stable, symmetri solution with η < 0
(f. Fig. 14). However, as soon as the their height beomes omparable to the width of
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FIG. 13: Two ngers growing in the ylinder (left panel) and in the reeting hannel (right panel)
for η = 1. The initial positions of the ngers are a1(0) = −0.2 and a2(0) = 0.4. Inset: the
interation of two ngers in the ombustion experiments of Zik and Moses [3℄.
the hannel, the instability sets in and initially small dierenes in height of the ngers are
rapidly amplied. As observed in Fig. 13, in the reeting hannel the longer (winning)
nger is attrated to the enterline (as it is the ase for the single nger solution), whereas
in the ylinder it ontinues to grow vertially.
The analysis of Fig. 13 together with the orresponding dependenies of the growth
veloity on time presented in Fig. 15 shows distintly three dierent stages of nger growth.
In the initial stage, the ngers repel eah other, their veloities inrease quikly but remain
equal to eah other; the ompetition between the ngers is not yet present. Then, as the
distane between the ngers approahes 1, their veloities stabilize at around v ≈ 0.6. In
fat, the veloities of the ngers in this stage are lose to the asymptoti veloity of a single
nger in the hannel of half the width of the original one, i.e., analogously to Eq. (50)
v =
(π
4
)−1/2
≈ 0.56, (67)
whih agrees with the value 0.6 quoted above. As seen in Fig. 14 the unstable η = 1 solution
diverges from the stable one (η = −2) when the height of the nger reahes approximately
1−2 units, i.e. beomes omparable with the hannel width. This is the moment where the
nal, third stage of the evolution begins, aompanied by the sharp derease inrease of the
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FIG. 14: Two ngers growing the reeting hannel at η = 1 (solid line) and η = −2 (dashed). The
initial positions of the ngers are the same as those in Fig 13.
veloity of the losing nger and the orresponding inrease of the veloity of the winning
one up to the asymptoti value given, aording to (50), by (π/2)−1/2 ≈ 0.798.
Note that in the ase of the ylinder it is impossible to predit beforehand whih nger
is expeted to win the ompetition  the initial situation is fully symmetri and in priniple
the system ould remain in the unstable symmetri state were it not for the numerial noise
(no other soures of noise are present). Contrastingly, in the reeting hannel, the nger
whih starts loser to the enterline is destined the win, sine, during its evolution it moves
through regions of higher eld gradient. This is also the reason why the instability sets in
earlier in the ase of the hannel.
Further insight into the ompetition proess may be gained by analyzing the evolution
of the poles, as presented in Fig. 16. It is seen that in the hannel the pole of the winning
nger is attrated towards the enter, whereas the pole of the suppressed one moves to the
side of the hannel. Suh a behavior of the poles may be explained based on the evolution
equation (45) in whih the growth fators di have been replaed by their asymptoti values:
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FIG. 15: The veloities of the ngers as a funtion of time in the ylinder (left) and in the hannel
(right), orresponding to the ngers of Fig. 13.
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FIG. 16: The positions of the poles as a funtion of time, in the ylinder (left) and in the hannel
(right), orresponding to the ngers of Fig. 13.
d1 = das (f. Eq. (51)) for the winning nger and d2 = 0 for the losing one. This leads to
a˙1 = −π
4
das tan
(π
2
a1
)
,
a˙2 =
π
2
das
cos
(
π
2
a2
)
sin
(
π
2
a2
)− sin (π
2
a1
) . (68)
The asymptoti xed point of the rst equation is a1 = 0, in full analogy to the single nger
solution in the hannel. It is then inserted into the seond equation to yield
a˙2 = −π
4
d1 cot
(π
2
a2
)
(69)
with the asymptoti xed points at a2 = ±1.
In the inset of Fig. 13, we reprodue a two-nger pattern from the ombustion experiments
by Zik and Moses. The resemblane is remarkable. Nevertheless, we do not laim that suh
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a simple model an aurately reprodue the omplex dynamis of ombustion in Hele-Shaw
ell, we an only onlude that the ngers in those experiments indeed seem to follow the
gradient lines of the Laplaian eld, (whih in this ase represents the onentration of
oxygen at a given point) and that there is a sreening mehanism leading to the ompetition
between the ngers. This does not mean neessarily that the veloity of the nger must be
onneted with the eld gradient analogously to Eq. (2). In fat, many of the results of the
above presented model are independent of the atual relation between the veloity v and the
eld u. In partiular, the shape of the single-nger solution and the symmetri two-nger
solution are independent of v(u) relation, whih aets in this ase only the overall growth
rate, not the nger shape. The same does not hold for asymmetri solutions, but even in
that ase some of the qualitative features of the dynamis, whih give the winning nger in
Fig. 13 its harateristi shape remain universal: at the beginning the ngers are attrated
to the symmetri solutions, then the instability sets in and nally the winning nger is
attrated to the enterline.
VIII. SUMMARY
In this paper we have studied a simple model of Laplaian growth, in whih the nger-
like protrusions grow only at their tips. In ontrast to the needle-growth models, onsidered
previously in the literature, [14, 15, 25, 34, 35, 36, 37, 38, 39℄, here the ngers are allowed
to bend along the gradient of the Laplaian eld. The method of iterated onformal maps
was applied to solve the growth problem in the geometry of the hannel with two reeting
walls. We derived the Loewner equation for suh a geometry and analyzed its analytial and
numerial solutions in few simple ases. It was shown that the nger growth in the hannel
is qualitatively dierent from that in the unbounded spae. In partiular, the ompetition
between the ngers is muh stronger in the ase of the hannel and, for any positive value
of the exponent η, the only stable asymptoti situation is that of a single nger, whih had
outgrown the others and ontinues to grow with a onstant veloity along the enterline of
the hannel, whereas the other ngers stop growing ompletely.
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APPENDIX A: EXPRESSION FOR FINGER VELOCITY IN TERMS OF THE
MAP ft
In this appendix a sketh of the proof of Eq. (10) is presented. This equation relates the
nger veloity to f ′′t (a)  the seond derivative of ft mapping alulated at the image of the
tip. To prove (10), it is onvenient to introdue the analyti omplex potential Θ, suh
that u = ImΘ. Then, in the ω plane, orresponding to the empty half-plane (or hannel),
the solution satisfying the boundary ondition u(ω) = 0 on the real axis is Θ(ω) = ω.
The orresponding omplex potential in the z plane is then simply Θ(gt(z)) = gt(z). The
derivative of the omplex potential is diretly onneted to the gradient of u, in partiular
∣∣∣∣dgtdz
∣∣∣∣ = |∇u| . (A1)
Ignoring for the moment the singularity at the tip (z = γ), let us try to alulate the
derivative of the g at that point
dgt
dz
∣∣∣∣
z=γ
= lim
δ→0
gt(γ + δ)− gt(γ)
δ
= lim
δ→0
a+ ǫ(δ)− a
δ
= lim
δ→0
ǫ(δ)
δ
, (A2)
where a+ ǫ is the image of the point γ + δ under gt.
On the other hand
δ = ft(a+ ǫ)− ft(a) = f ′t(a)ǫ+
1
2
f ′′t (a)ǫ
2 + . . . . (A3)
The rst term on the right hand side vanishes, sine f has a loal maximum at a, orre-
sponding to the tip of the nger, thus ǫ = (2δ/f ′′t (a))
1/2
and the expression for the gradient
takes form
dgt
dz
∣∣∣∣
z=γ
= lim
δ→0
(δf ′′t (a)/2)
−1/2, (A4)
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with the singularity at δ = 0, as expeted. Using the regularization desribed in Se. II to
remove the fator δ−1/2 we get nally
|v| ∼ |f ′′t (a)|−η/2 . (A5)
APPENDIX B: NUMERICAL METHOD
In this appendix, we desribe briey the numerial method used to follow the evolution
of the ngers. Instead of integrating the Loewner equation, as it is done e.g. in Ref. [47℄,
we obtain the mapping gt by diret iteration of the elementary slit mappings (whih are
of the form (17) for the half-plane and (39) for the hannel geometry). Sine there are n
ngers, eah timestep involves the omposition of n slit mappings, φi, eah haraterized by
a orresponding position of the pole, ai, and the growth fator di. In the ase of the ylinder,
the orresponding slit mapping may also be obtained from Eq (39) by a proedure desribed
in Se. V: for a nger with the pole at ai rst the system of oordinates is translated by
z → z − ai, then the slit mapping (39) is applied (the orresponding pole is now loated at
the origin, thus a = 0 is to be put in Eq. (38)) and the result is transformed bak to the
original oordinate system: z → z + ai.
The alulations are somewhat ompliated by the dependene of the growth fators di
on the ft mapping, as given by Eq. (23). However, as before, this map may also be obtained
by the omposition of elementary mappings φ˜, whih are the inverses of slit mappings φ,
i.e. φ˜(φ(z)) = z. The seond derivative of f may then be alulated either analytially,
by dierentiating the omposition of all the slit mappings whih make up ft, or by a diret
numerial dierentiation. The latter method is faster, whereas the former is more aurate
whih beomes important at the late stages of nger ompetition, where the growth fator
of the losing nger beomes very small.
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